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A system of r-element subsets (blocks) of an n-element set Xn is called a Tura n
(n, k, r)-system if every k-element subset of Xn contains at least one of the blocks.
The Tura n number T(n, k, r) is the minimum size of such a system. We prove upper
estimates:
T(n, r+1, r)
(1+o(1)) ln r
2r \nr+ as n   r  ,
T(n, k, r)
(c#+o(1)) r2
\kr+ \
n
r+ as n  , r  , k=(#+o(1))r, #>1.
 1997 Academic Press
1. INTRODUCTION
The problem of determining T(n, k, r) was posed by Paul Tura n [15].
In generalization of the earlier result of Mantel [8] for r=2, k=3, Tura n
[14] completely solved the case r=2 in 1941:
T(n, :+1, 2)=mn&
m(m+1)
2
: for m
n
:
m+1.
There are simple formulae for small n :
T(n, :+1, r)=n&: if 1
n
:

r
r&1
,
T(n, :+1, r)={
3r&2
r
n|&3: if r#0 mod 2, rr&1
n
:

3r
3r&4
;
3n&\3r&1r&1 : if r#1 mod 2,
r
r&1

n
:

3r+1
3r&3
.
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The first formula is well-known; the second was obtained in [12] (its proof
also can be found in [13]).
Scho nheim [9] and, independently, Katona, Nemetz, and Simonovits
[6] showed that
T(n, k, r) nn&r T(n&1, k, r)| . (1)
Indeed, when we omit an element and all the blocks that contain this
element, the Tura n (n, k, r)-system reduces to a Tura n (n&1, k, r)-system.
By omitting one element in n possible ways, we get n such subsystems; each
of them has at least T(n&1, k, r) blocks. Every block of the (n, k, r)-system
appears in n&r subsystems. Hence (n&r) T(n, k, r)nT(n&1, k, r).
It follows from inequality (1) that the ratio T(n, k, r)( nr) is nondecreasing.
Thus there exists the limit
t(k, r)= lim
n  
T(n, k, r)
\nr+
,
and the following inequality holds for any n:
T(n, k, r)\nr+ t(k, r). (2)
The values t(k, r) were found only for r=2 (except the trivial case k=r).
Erdo s [3] offered a reward for determining t(k, r) just for a single pair
(k, r) with k>r>2.
De Caen [1] proved a general lower bound which is currently the best:
T(n, k, r)
n&k+1
n&r+1
}
kr
\kr+
\nr+ .
The present paper is devoted to the upper bounds. Our main results
(Theorems 1, 2, and 3) are contained in Section 3.
2. RECURRENT INEQUALITIES
Given a Tura n (n&1, k, r)-system A and an (n&1, k&1, r)-system B,
one may construct an (n, k, r)-system in the following way (cf. [10]). First,
the system B is transformed into a system B+v by adding a new element
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v to every block. Then the union of A and B+v is a Tura n (n, k, r)-
system. Thus we get
T(n, k, r)T(n&1, k, r)+T(n&1, k&1, r&1). (3)
Inequalities (1) and (3) imply
r
n
T(n, k, r)=T(n, k, r)&
n&r
n
T(n, k, r)
T(n, k, r)&T(n&1, k, r)T(n&1, k&1, r).
Therefore,
T(n, k, r)
\nr+

T(n&1, k&1, r&1)
\n&1r&1+
,
which results in
t(k, r)t(k&1, r&1). (4)
Obviously, the union of disjoint Tura n (n$, k$, r)- and (n", k", r)-systems
is a Tura n (n$+n", k$+k"&1, r)-system. Moreover, the union of l disjoint
Tura n systems with parameters (ni , :i+1, r) (where i=1, 2, ..., l ) is a
Tura n system with parameters (n1+n2+ } } } +nl , :1+:2+ } } } +:l+1, r).
This yields the inequality
T \ :
l
i=1
ni , :
l
i=1
:i+1, r+ :
l
i=1
T(ni , :i+1, r). (5)
For fixed integers :1 , :2 , ..., :l and arbitrary n, one may select a partition
n=n1(n)+n2(n)+ } } } nl (n) so that
lim
n  
ni (n)
n
=
t(:i+1, r)&1(r&1)
lj=1 t(:j+1, r)
&1(r&1) .
In this case, (5) implies
t \ :
l
i=1
:i+1, r+\ :
l
i=1
t(:i+1, r)&1(r&1)+
&(r&1)
(6)
and, consequently,
\ :
l
i=1
:i+
r&1
t \ :
l
i=1
:i+1, r+ maxi=1, 2, ..., l (:i)r&1 t(:i+1, r).
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This means that (k&1)r&1 t(k, t) does not increase when k increases and
r is fixed.
For instance, let C(:, r)=max[:r&1t(:+1, r), (:&1)r&1t(:, r)]. Any
integer greater than or equal to :2&3:+2 can be represented as a sum of
terms equal to : or :&1. Hence
t(k, r)
C(:, r)
(k&1)r&1
for k:2&3:+3. (7)
We will use inequalities (6) and (7) in the end of Section 3.
3. UPPER BOUNDS
According to (2), any upper bound on t(k, r) yields an upper bound on
T(n, k, r). Thus we concentrate on the bounds for t(k, r). We first consider
the case k=r+1 and then (k&r)   .
3.1. The Case k=r+1
A lower bound for this case was proven in [11, 1]:
T(n, r+1, r)
1
r
}
n&r
n&r+1 \
n
r+ ,
t(r+1, r)
1
r
.
An upper estimate t(r+1, r)C- r was found in 1981. The estimate is
a consequence of inequality (4) and the following inequality proven in
[10]:
t(2r+1, 2r)\2rr + 2&2r. (8)
In 1983, Kim and Roush [7] obtained a much better bound:
t(r+1, r)
1+2 ln r
r
.
Their result was improved by Frankl and Ro dl in 1985 [5]:
t(r+1, r)
ln r+O(1)
r
. (9)
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We show below that the construction described by Frankl and Ro dl yields
the estimate
t(r+1, r)
1
l
+\1&1l+
r
(10)
with an arbitrary integer l. The substitution l=(rln r)(1+o(1)) in (10)
produces (9).
For small r, a stronger result was obtained in [2]:
t(2r+1, 2r) 14+2
&2r. (11)
This gives the best known estimate for t(5, 4) and t(7, 6). In the case r=4,
inequality (11) is still better than (8) and (10) but already can be
improved.
The main result of this work is a new upper bound for large r:
Theorem 1.
t(r+1, r)\12+o(1)+
ln r
r
. (12)
Before presenting our construction, we need to describe the construc-
tions from works [10, 5, 2] that yield inequalities (8), (9), and (11).
Construction 1 [10]. Most of the known constructions of Tura n
systems have a relatively small number of the classes of equivalent
elements. In a typical construction, the set of elements is partitioned into
a fixed number of groups, and the fact whether r elements form a block
depends only on the groups they belong to. In contrast, Construction 1 is
based on the ordering of the elements. We enumerate them as 1, 2, ..., n.
A subset of 2r elements, i1<i2< } } } <i2r , is a block of the system if the
Boolean vector ((i1+1) mod 2, (i2+2) mod 2, ..., (i2r+2r) mod 2) has
exactly r zeros and r ones. Using induction on r, one may check that this is
indeed a Tura n (n, 2r+1, 2r)-system. Its size equals [( 2rr ) 2
&2r+o(1)]( n2r)
which yields (8).
Construction 2 [2]. We associate n elements with the lines (rows and
columns) of an (wn2x_Wn2X)-matrix M whose entries are zeros and ones.
We say that a submatrix of M is even if the number of its rows, the number
of its columns and the sum of its entries are even numbers. A set of 2r lines
of M is a block of the system if (i) all of these lines are rows, or (ii) all are
columns, or (iii) the submatrix induced by these lines is even. It is easy to
see that the resulting system is a Tura n (n, 2r+1, 2r)-system. Its size
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depends on the matrix M. Let the entries of M be independent random
variables equal to zero or one with probability 12 . Since any 2i rows and
any 2(r&i) columns (with 1ir&1) induce an even submatrix with
probability 12 , the expected number of blocks is
\wn2x2r ++\
Wn2X
2r ++
1
2
:
r&1
i=1 \
wn2x
2i +\
Wn2X
2(r&i)+
=
1
2 _\
wn2x
2r ++\
Wn2X
2r +&+
1
2
:
r
i=0 \
wn2x
2i +\
Wn2X
2(r&i)+
=_ 122r+
1
2
}
1
2
+O \1n+&\
n
2r+ .
This yields (11).
Construction 3 [5]. We fix integers r, l, and n so that n#0 mod l,
and divide n elements into l equal groups A0 , A1 , ..., Al&1 . For a subset
BA0 _ A1 _ } } } _ Al&1 , we denote by d(B) the number of indices
i # [0, 1, ..., l&1] that satisfy Ai & B=< . We also set
w(B)= :
l&1
i=0
i |Ai & B| .
We denote by Ak the family of all k-element subsets of A0 _ A1 _ } } } _ Al&1.
Let Bj be a subfamily which consists of blocks B # Ar that satisfy
(w(B)+ j) mod l # [0, 1, ..., d(B)]. (13)
We notice that Bj is a Tura n (n, r+1, r)-system. Indeed, for any C # Ar+1,
there are n&d(C) indices i such that Ai & B{<, and thus at least one
such index can be found among
(w(C)+ j ) mod l, (w(C)+ j&1) mod l, ..., (w(C)+ j&d(C)) mod l.
The subset B=C"x, where x # Ai & B, satisfies (13) because w(B)#
(w(C)&i) mod l and d(B)d(C).
Let Ai$ = [B # Ar : B & Ai = <]. We wish to estimate min[ |B0 | ,
|B1 | , ..., |Bl&1|]. Each B # Ar belongs to exactly d(B)+1 families among
B0 , B1 , ..., Bl&1 . Thus
:
l&1
j=0
|Bj |= :
B # Ar
(d(B)+1)=|Ar|+|A$0|+|A$1|+ } } } +|A$l&1|
=\nr++l } \
((l&1)l)n
r +_1&l } \1+
1
l+
r
&\nr+ (14)
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and
min[ |B0 | , |B1 | , ..., |Bl&1 | ]
1
l
:
l&1
j=0
|Bj |_1l +\1&
1
l+
r
&\nr+ .
This implies (10).
In order to obtain the estimate (12), we combine the main features of
Constructions 13. More precisely, we derive our construction from Con-
struction 3 by removing some superfluous blocks. This operation is quite
general and may be applied to any Tura n system provided that the number
of equivalence classes of elements is small in comparison with the total
number of elements.
Removing superfluous blocks. Consider a system of r-element blocks. Its
automorphism is a permutation of the elements which preserves the set of
blocks. The automorphism group generates an equivalence relation on the
elements as well as on the blocks. We denote the classes of equivalent
elements by A1 , A2 , ..., Al . Any equivalence class B of blocks corresponds
to some integer partition r=b1+b2+ } } } +bl such that
B=B(b1 , b2 , ..., bl)=[B : |B & A1 |=b1 , |B & A2 |=b2 , ..., |B & Al |=bl].
Suppose, the considered system is a Tura n (n, r+1, r)-system. We claim
that one may omit at least half of the blocks from every existing class
B(b1 , b2 , ..., bl) whenever b12, b22, ..., bl2. As a result, we will have
a Tura n (n, r+1, r)-system of a smaller size. Indeed, suppose first that
r=2l and b1=b2= } } } =bl=2. By analogy with Construction 2, we intro-
duce an l-dimensional matrix M where the ith dimension corresponds to
the equivalence class Ai . Blocks of the class B(2, 2, ..., 2) correspond to
(2_2_ } } } _2)-submatrices of M. We say that a block b # B(2, 2, ..., 2)
is even or odd if the sum of the entries of the corresponding sub-
matrix is such. Similarly to Construction 2, we may omit all odd blocks of
class B(2, 2, ..., 2). Now let r>2l and integers b1 , b2 , ..., bl satisfy
b1+b2+ } } } +bl=r, bi2 for every i. By analogy with Construction 1,
we linearly order the elements within each class Ai . For every block
B # B(b1 , b2 , ..., bl), we define its 2-projection as a (2l)-element subset
which includes the two maximal elements from each intersection B & Ai .
With respect to the l-dimensional matrix M, this 2-projection can be odd
or even. We omit those blocks B # B(b1 , b2 , ..., bl) which have odd
2-projections. If the entries of M are independent random variables equal
to zero or one with probability 12 , the expected number of omitted blocks
is 12 |B(b1 , b2 , ..., bl)| .
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Construction 4. Now we apply the described procedure to Construc-
tion 3. We select a function
f : A0_A1_ } } } _Al&1  [0, 1]
and denote
D=[D # A2l : |D & A0 |=|D & A1 |= } } } =|D & Al&1 |=2].
For any D # D, we set
q(D)= :
x0 # D & A0, x1 # D & A1, ..., xl&1 # D & Al&1
f (x0 , x1 , ..., xl&1). (15)
The sum in (15) consists of 2l terms. We claim that for any C # A2l+1 that
satisfies |C & Ai |=3 and |C & Ak |=2 with every k # [0, 1, ..., l&1]"[i],
there exists x # C & Ai such that q(C"x) is even. Indeed, let C & Ai=
[x, y, z]. Among the 3 } 2l terms of the sum q(C"x)+q(C"y)+q(C"z),
every term appears twice. Thus the sum is even, and one of the values
q(C"x), q(C"y) or q(C"z) must be even.
We linearly order the elements within each group Ai and denote
E=[B # Ar : |B & Ai |2 for i=0, 1, ..., l&1].
For any B # E, we form a (2l )-element subset D(B) by taking the two
maximal elements from each B & Ai with i=0, 1, ..., l&1 . Now we omit a
block B # (Bj & E) from Bj if q(D(B)) is odd. We claim that the remaining
system,
Bj$=[B # Bj : B  E or q(D(B)) is even],
is a Tura n (n, r+1, r)-system. Indeed, consider any C # Ar+1. By the argu-
ment we used in Construction 3, there is an index i such that C & Ai {<
and (C"x) # Bj for any x # Ai. If (C"x) # E for x # Ai , then |C & Ai |3 and
|C & Ak |2 for every k # [0, 1, ..., l&1]"[i]. As we showed above, one
may choose an element x among the three maximal elements of C & Ai
such that q(D(C"x)) is even, so (C"x) # B j$.
Now we know that Bj$ is a Tura n (n, r+1, r)-system for each j, and our
aim is to estimate min[ |B$0| , |B$1| , ..., |B$l&1|]. Obviously,
:
l&1
j=0
|Bj$|= :
l&1
j=0
|Bj |&|[B # E : q(D(B)) is odd]| .
Let f in (15) be a random function whose values for different sets of
arguments are independent; each value is 0 or 1 with probability 12 . With
this function, the probability that q(D(B)) is odd equals 12 for any B # E.
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Hence, the expectation of |[B # E : q(D(B)) is odd]| is 12 |E|. Thus there
exists a specific function f so that
|[B # E : q(D(B)) is odd]| 12 |E| .
(Such a function f, if needed, could be constructed explicitly.) Therefore,
:
l&1
j=0
|Bj$ | :
l&1
j=0
|Bj |&
1
2 |E| .
By applying (14), we get
:
l&1
j= <0
|Bj$ |_12+l } \1&
1
l+
r
&\nr++
1
2 _\
n
r+&&|E|& .
We set Ai"=[B # Ar : |B & Ai |1]. Obviously,
\nr+&|E| :
l&1
i=0
|Ai"|
and
|Ai"|=\((l&1)l)nr ++\
(1l)n
1 + } \
((l&1)l)n
r&1 +
=\1+ rl&1&l(r&1)n+\
((l&1)l)n
r +
\1+ rl&1&l(r&1)n+\1&
1
l +
r
\nr+ .
Now we estimate
min[ |B$0 | , |B$1 | , ..., |B$l&1 |]

1
l
:
l&1
j=0
|B j$ |_ 12l+\1&
1
l+
r
&\nr++
1
2l
:
l&1
i=0
|A i" |
_ 12l+\1&
1
l+
r
&\nr++
1
2 \1+
r
l&1&l(r&1)n+\1&
1
l+
r
\nr+
=_ 12l+
1
2 \3+
r
l&1&l(r&1)n+\1&
1
l+
r
&\nr+ .
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So we get
t(r+1, r)
1
2l
+
1
2 \3+
r
l&1+\1&
1
l +
r
with arbitrary l. We choose
l=
r
(1+*(r)) ln r ,
where the function * satisfies the conditions *(r)  0 and *(r)ln r  
as r  . Since (1&1l )rexp (&rl ), we finally get
t(r+1, r)
1
2l
+
1
2 \3+
r
l&1+ exp \&
r
l+
=
1
2l
+
1
2 \
3
r
+
1
l&1+ exp[&*(r) ln r]
=
(1+o(1)) ln r
2r
as r  .
Remark. The coefficient 12 in the right-hand side of (12) is inherited
from the generalized variant of the Tura n problem and could be improved.
Given m, n, r, we consider m disjoint groups of elements, X1 , X2 , ..., Xm ,
where |X1 |=|X2 |= } } } =|Xm |=n. Let T=Tm (n, r+1, r) be the mini-
mum number of sets B1 , B2 , ..., BT such that
1. |B1 |=|B2 |= } } } =|BT |=mr.
2. |Bi & Xj |=r for every i=1, 2, ..., T, j=1, 2, ..., m.
3. For any set C of size mr+1 that satisfies |C & Xj |r with j=1,
2, ..., m, there exists Bi /C.
In particular, T1(n, r+1, r)=T(n, r+1, r). One may show that there
exists the limit
t
*
(r)= lim
m, n  
Tm (n, r+1, r)<\nr+
m
and
1
2=t*(2)t*(3) } } } .
The coefficient 12 in the right-hand side of (12) can be replaced with
limr   t*(r). If limr   t*(r)=0, we would get t(r+1, r)=o((ln r)r).
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Unfortunately, we are unable to improve the upper bound, t
*
(r) 12 , even
assuming that r is large.
3.2. The General Case
In the case when k&1 is a multiple of r&1, Tura n [16] showed that
t(k, r)\ r&1k&1+
r&1
. (16)
Sidorenko [10] proved (16) for arbitrary k and r.
Frankl and Ro dl [5] used probabilistic arguments to obtain the estimate
t(r+a, r)
a(a+4+o(1)) ln r
\ra+
as r  , (17)
where a is a constant. We describe their construction and modify it to
prove upper bounds on t(k, r) with (k&r)  .
Construction 5 [5]. We fix integer parameters r, k, l, N. For every
r-element subset of the set X=[1, 2, ..., N], we assign at random one of the
colors 1, 2, ..., l. For any k-element subset YX, the probability that some
specific color is not used on the r-element subsets of Y is (1&1l)(
k
r )<
exp [&(1l)( kr )]. Thus the probability p of the event EY that not all l colors
are used on Y is less than l } exp [&(1l)( kr )]. Let d denote the number of
those k-element subsets Y$X for which the events EY and EY$ are
dependent:
d= :
k&1
i=r \
k
i +\
N&k
k&i + .
We require 4pd<1; that is,
4l } exp _&1l \
k
r+& } :
k&1
i=r \
k
i +\
N&k
k&i +<1. (18)
This condition allows us to apply the Lova sz local lemma (see [4]) which
states that there exists a coloring where none of the events EY occurs. With
this coloring, the family Ai of subsets of color i is a Tura n (N, k, r)-system.
We choose one of the families A1 , A2 , ..., Al which has the minimal size
and denote it by A. Obviously, |A|(1l)( Nr ). Now we divide a larger set
of n=mN elements into N equal groups Z1 , Z2 , ..., ZN . Let B be the
family of r-element subsets BZ1 _ Z2 _ } } } _ ZN such that
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(i) B=[x1 , x2 , ..., xr] where xi # Zji , j1< j2< } } } < jr , [ j1 , j2 , ..., jr]
# A; or
(ii) there is Zj for which |B & Zj |2.
The size of this family is at most
|B|mr } |A|+N \m2 +\
mN&2
r&2 +

mr
l \
N
r ++
r(r&1)
2N \
mN
r +
\1l +
r(r&1)
2N +\
mN
r + .
Obviously, B is a Tura n (mN, k, r)-system. Thus (18) implies
t(k, r)
1
l
+
r(r&1)
2N
. (19)
Frankl and Ro dl [5] used the parametrization k=r+a, l=
w( ra)[a(a+4) ln r]x , N=ra+2 where a is a constant. In this case, (18)
holds and (19) yields (17).
Construction 6. In the case when k&r increases as r  , there is a
better choice of parameters. In our modification of Construction 5,
a=k&r is not a constant anymore. We require kr+3 and select
parameters as follows:
N=r(r&1) \kr+ [(k&r)! 2&k]1(k&r)| ,
l=\ \
k
r+
(k&r+1) ln _r(r&1) \kr+& .
First, we have to check the validity of (18):
:
k&1
i=r \
k
i +\
N&k
k&i +<\
N
k&r+ :
k&1
i=r \
k
i +
<\ Nk&r+ 2k<
(N&1)k&r
(k&r)!
2k,
4l } exp _&1l \
k
r+& }
(N&1)k&r
(k&r)!
2k
4
r(r&1)(k&r+1) ln _r(r&1) \kr+&
<1.
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Now we exploit (19):
t(k, r)
(k&r+1) ln _r(r&1) \kr+&
\kr+&(k&r+1) ln _r(r&1) \
k
r+&
+
(2r(k&r)!)1(k&r)
\kr+
. (20)
If k&rrlog2 r then (2r(k&r)!)1(k&r)=o[(k&r) ln( kr )]. Thus (20)
yields the following result.
Theorem 2. If kr+rlog2 r then
t(k, r)
(1+o(1))(k&r+1) ln \kr+
\kr+
as r  . (21)
If kr #>1 as r  , we estimate ln(kr)=[# ln #&(#&1) ln(#&1)+o(1)]r.
In this case, Theorem 2 implies
Theorem 3. If #>1 and k=(#+o(1)) r then
t(k, r)
(c#+o(1))r2
\kr+
as r  , (22)
where c#=(#&1)[# ln #&(#&1) ln(#&1)+o(1)].
If k is much larger than r, one may get further improvements in (21) by
using (7) with :=( r2) and applying (22) to estimate t(:, r) and t(:+1, r).
Tura n (for instance, see work [16]) conjectured that (16) turns the
equality whenever k&1 is a multiple of r&1. A counterexample with
k=13, r=4 was found in [10]. By combining inequality (6) with
l=2s&1, :1=:2= } } } =:l=2s and inequality (8), we get the counter-
example k=4s2&2s+1, r=2s, (k&1)(r&1)=2s for any s2. Moreover,
Theorem 3 shows that this conjecture fails for any ratio (k&1)(r&1) when
r is sufficiently large.
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